Abstract. We define the notion of Cartesian 2-fibrations, and prove a weak analogue of straightening. Using Barwick's notion of operator categories and the notion of a Cartesian 2-fibration, we extend the notion of ∞-operads to the (∞, 2)-categorical context. These (∞, 2)-operads are used to define and study 2-rings, which are analogues of rings (and ring spectra) in the ∞-categorical context.
Definition 2.1.6. The class of marked anodyne maps is the smallest weakly saturated class of maps generated by:
(1) The inclusions (Λ
(4) The map K ♭ → K ♯ for every Kan complex K.
Let us recall the concept of a p-Cartesian morphism for an inner fibration p : X → S.
Definition 2.1.7. Suppose p : X → S is an inner fibration and f : x → y an edge in X. f is said to be p-Cartesian if the map X /f → X /y × S /p(y) S /p(f ) is a trivial Kan fibration. Definition 2.1.9. The collection of scaled anodyne maps is the smallest weakly saturated class generated by:
(1) The inclusions (Λ The scaled anodyne maps act as generating trivial cofibrations in a particular model structure on Set sc ∆ , which we will now develop. The structure of the collection of scaled anodyne maps suggests that this model structure is very similar to the Joyal model structure. It is therefore important (and interesting) to develop a scaled analogue of the simplicial nerve functor, whose construction we will now recall. Construction 2.1.10. Let C be a Set + ∆ -enriched category; there is a forgetful functor Set + ∆ → Set ∆ , so we may regard C as a simplicial category. Define N sc (C) to be the following scaled simplicial set: the underlying simplicial set of N sc (C) is the simplicial nerve N(C) of C, and thin 2-simplices are defined as follows. Let σ : ∆ 2 → N(C) be a 2-simplex. This can be thought of a diagram in N(C) that shows a morphism h : X → Z in N(C) as the composition of a map f • g. Let α : ∆ 1 → Map C (X, Z) be an edge in Map C (X, Z) joining h to f • g. Map C (X, Z) is a marked simplicial set, and σ is thin if and only α is marked in Map C (X, Z). This construction is functorial in C, and defines a functor N sc : Cat Set
This functor has a left adjoint
This construction leads to the following definition.
Definition 2.1.11. Let f : X → Y be a map of scaled simplicial sets. It is a bicategorical equivalence if
is an equivalence of Set + ∆ -enriched categories. In [2] , the following two results are proved: Proposition 2.1.12. The functor C sc preserves cofibrations and takes scaled anodyne maps to trivial cofibrations.
Lemma 2.1.13. Bicategorical equivalences satisfy the following properties:
(1) Any scaled anodyne map is a bicategorical equivalence.
(2) Bicategorical equivalences are closed under pushouts by cofibrations.
Remark 2.1.14. The second part of this lemma suggests the existence of a model structure on Set sc ∆ that satisfies [1, Proposition A.2.6.13]. Indeed, the above proposition shows that C sc is a functor that gives a bijection between the collection of bicategorical equivalences and the image of the collection of weak equivalences in Cat Set
Lurie has proven (c.f. [2] ) that the last condition of [1, Proposition A.2.6.13] is satisfied, giving a model structure very similar to the Joyal model structure: 
is also a (trivial) cofibration. If i or j is a cofibration, then it is automatically true that i ∨ j is, since the condition that a map is a cofibration depends only on the underlying simplicial set. We now observe that the Cartesian product makes Set ∆ with the Joyal model structure into a monoidal model category. This proves the claim. We must now show that if i or j is a trivial cofibration, then so is i ∨ j. Let us work one variable at a time. Suppose that i is a trivial cofibration and
sc is a left adjoint, it preserves colimits (and pushouts, in particular), so that there is a pushout diagram
. It now suffices to show that the Cartesian product preserves weak equivalences; this is precisely the content of [2, Lemma 4.2.6]. There is now a chain of equivalences
]. This shows that if i or j is a trivial cofibration, so is i ∨ j, which concludes the proof that the functor × : Set 
Definition 2.2.3. A map p : X → S is an inner 2-fibration if it has the right lifting property with respect to all scaled anodyne maps.
Remark 2.2.4. Any fibration in the ordinary model structure on Set sc ∆ is an inner 2-fibration, since every scaled anodyne map is a trivial cofibration. If p : X → S is an inner 2-fibration, then the underlying map of simplicial sets is an inner fibration, because it has the right lifting property with respect to the inclusions Λ n i ֒→ ∆ n for 0 < i < n. Recall that if X is a simplicial set, the map Fun(∆ 1 , X) → X given by evaluating at 0 (resp. 1) is a Cartesian (resp. coCartesian) fibration. Thus, if p : X → S is an inner 2-fibration such that the underlying map of simplicial sets is a Cartesian fibration, then the composition Map((∆ 1 ) ♯ , X) → X p − → S given by evaluating on 0 is a Cartesian fibration on the underlying simplicial sets. Definition 2.2.5. Let p : X → S be an inner 2-fibration whose underlying map of simplicial sets is a Cartesian fibration. A 2-simplex φ : f → g in X is p-Cartesian if the following condition holds: let q : Map(∆ 1 , X) → X denote the map by evaluation on the initial vertex, i.e., 0. Then φ, when viewed as a 1-simplex of Map(
The collection of p-Cartesian 2-simplices of X forms a scaled simplicial set X ♮ .
Definition 2.2.6. A Cartesian 2-fibration of scaled simplicial sets is a map p : X → S of scaled simplicial sets such that:
• p is an inner 2-fibration whose underlying map of simplicial sets is a Cartesian fibration.
• A thin 2-simplex s → p(y) in S can be pulled back to a thin p-Cartesian 2-simplex x → y in X such that p(x) = s.
A map p : X → S is a left 2-fibration if p is a coCartesian 2-fibration and p has the right lifting property with respect to the collection of inclusions (
. This is equivalent to asking that p : X → S is a coCartesian 2-fibration and all 2-simplices are p-Cartesian. • The weak equivalences are those maps f :
• The fibrations are those maps with the right lifting property with respect to those maps which are both cofibrations and weak equivalences (these are the trivial cofibrations).
Proof. 
where p is a weak equivalence and i is a cofibration. We know that C sc takes such a pushout diagram to a homotopy coCartesian diagram in Cat Set
is left proper and [2, Proposition 3.1.13] says that C sc takes monomorphisms to cofibrations. Proving that any map p : X → S with the right lifting property with respect to any cofibration is a weak equivalence. As in [1, Proposition 2.1.4.7], this reduces to showing that the homotopy (∆ 1 ) ♯ × X → X between id X and the composition of p with a section is a weak equivalence. Since h has a left inverse, it suffices to prove that the left inverse X × {0} ⊆ X × ∆ 1 is scaled anodyne (because scaled anodyne maps are weak equivalences), which follows from [2, Proposition 3.1.8].
Lemma 2.2.8. Every scaled anodyne map and the collection of inclusions (Λ
is a trivial cofibration in the above model structure.
In particular, every fibration in Theorem 2.2.7 is a left 2-fibration; therefore, we may call this model structure the left model structure. Suppose p : X → S is a coCartesian 2-fibration; then if s → s ′ is a map in S, there is an induced map of (∞, 2)-categories X s ′ → X s . Theorem 2.2.9. There is a map of (∞, 2)-categories from the (∞, 2)-category of coCartesian fibrations over a scaled simplicial set (S, Γ) to the (∞, 2)-category of functors from (S, Γ) to the (∞, 2)-category N sc (Set sc ∆ ). Proof. Purely for notational convenience, we will prove that there is a map of (∞, 2)-categories from the (∞, 2)-category of coCartesian fibrations over a scaled simplicial set (S op , Γ) to the (∞, 2)-category of functors from (S op , Γ) to the (∞, 2)-category N sc (Set sc ∆ ). Recall the ordinary straightening construction (in the unmarked case): Let X be an object of (Set ∆ ) /S . Let C be the simplicial category C [S] op . We may then form another simplicial category, C op X , via the pushout:
(C, * ) where * is the cone point of X ⊲ . This is functorial in X; therefore we may think of St φ as a functor (Set ∆ ) /S → (Set ∆ ) C . Let (X, Γ) be an object of (Set sc ∆ ) /S . Suppose f : ∆ 2 → X is a 2-simplex of X, and consider the induced map f ⋆ id ∆ 0 : ∆ 3 → X ⊲ . This determines a map C[∆ 3 ] → C X ; explicitly, this construction is described as follows. Suppose we have a 2-simplex of X:
Obviously, this corresponds to a 2-simplex in C op under the map φ. Taking the join with ∆ 0 gives us a 3-simplex, which can be identified with a diagram:
Where * is the cone point of X ⊲ . This induces a 2-simplex in St φ (X)(C); now one can say that a 2-simplex in St φ (X)(C) is thin if it can be constructed in the above fashion from a thin 2-simplex of X. The collection of thin 2-simplices of St φ (X)(C) is denoted Γ φ (C). This refines St φ to a functor St sc φ (X, Γ)(C) = (St φ (X)(C), Γ φ (C)); this is the desired functor. 3. (∞, 2)-operads 3.1. ∞-operads. In this subsection, we will recall the theory of complete Segal operads via operator categories as defined by Barwick in [4] . For the whole section, we will use the notation employed in [4] , and we will also use N(C) to denote N sc (C).
Definition 3.1.
1. An operator category Φ is a category that has a terminal object such that for every X, Y ∈ Φ, the set Map Φ (X, Y ) is finite, and for every i : 1 → K denoted as {i} ⊆ K and every map I → K, there is a fiber I i = I × K {i}.
The set Map Φ (1, K) is denoted |K|.
Example 3.1.2. Important examples include the trivial category {1}, the category of finite sets, F , and the category of ordered finite sets O. Given two operator categories Φ and Ψ, we can construct another operator category Φ ≀ Ψ whose objects are pairs (X, Y ) with X ∈ Φ and Y = {Y i } i∈Map Φ (1,X) a collection of objects in Ψ, and morphisms (X, Y ) → (X ′ , Y ′ ) given by maps f : X → X ′ and a collection of maps
. This is called the wreath product of operator categories. Definition 3.1.3. A map of operator categories is a functor F : Φ → Ψ that preserves terminal objects and the formation of fibers such that for any X ∈ Φ, the map Map Φ (1, X) → Map Ψ (1, F (X)) is a surjection.
Proof. This follows from there being an injection Map Φ (1, X) → Map Ψ (1, F (X)) because F preserves fibers, and there are |Map Φ (1, X)| fibers of a map into X.
As a consequence, F is a terminal object, and {1} is an initial object, in the ∞-category of operator categories.
Definition 3.1.5. A map p : K → J of operator categories is a fiber inclusion if there is a map q : J → I such that I is the pullback J × K {i}. p is an interval inclusion if it can be written as a composition of fiber inclusions.
Example 3.1.6. Every monomorphism of finite sets is a fiber inclusion and conversely, i.e., fiber and interval inclusions coincide in F . 
and:
Construct another map r as follows. There is an inclusion ∆ ֒→ ∆ Φ , so X restricts to a functor X| ∆ op : We can now finally define complete Segal Φ-operads. • A map X → Y is a cofibration if it is a monomorphism.
• A map X → Y of simplicial sets over N(∆ Φ ) op is a weak equivalence if for any complete Segal Φ-operad C, the map Map N(∆Φ) op (Y, C) → Map N(∆Φ) op (X, C) is a weak equivalence.
• An object is fibrant precisely if it is a complete Segal Φ-operad. In addition, if F : Φ → Ψ is a map of operator categories, there is an adjunction ≀n -operad is the E n -operad. The symmetrization of the terminal F -operad, i.e., the terminal F -operad, is the E ∞ -operad. Theorem 3.1.14. For "perfect" operator categories Φ, there is an equivalence of ∞-categories between complete Segal Φ-operads and quasioperads over Φ. 
2-fold complete Segal operads.
Consider the (∞, 2)-category of stable ∞-categories. This should be a symmetric monoidal (∞, 2)-category with the tensor product of stable ∞-categories. It makes sense to ask for a more general notion of a symmetric monoidal (∞, 2)-category, namely the theory of "(∞, 2)-operads". Construction 3.2.1. Let Φ be an operator category. Define the category of (Φ, 2)-sequences ∆ Φ ⊠ ∆ Φ as the category whose objects are pairs ((n, I :
are maps of the corresponding Φ-sequences. 
∆ be a functor, and let X denote the restriction of X to the second factor. Define the map s s,I as:
Remark 3.2.6. These are the "right maps" because under the (limit-preserving) canonical forgetful functor
Φ these reduce to the maps defined by Barwick in [4] . Let X ⊗ be a scaled simplicial set equipped with a left 2-fibration p :
We can now define 2-fold complete Segal Φ-operads. Definition 3.2.7. A 2-fold complete Segal Φ-operad is a left 2-fibration p :
op such that if χ is its classifying map, then p s,I , s s,I , and r 2 are all equivalences.
op is a left 2-fibration, when Φ = {1}, this reduces to the notion of a 2-fold complete Segal space.
Example 3.2.9. This definition yields, when Φ = F , a theory of (∞, 2)-operads (since p is a left 2-fibration, the fibers of p over s ∈ N(∆ Φ ⊠ ∆ Φ ) are all ∞-categories. This means that X also contains information about the operadic structure at the level of higher homotopies as well). In particular, any left fibration is a left 2-fibration, so any ∞-operad is trivially an (∞, 2)-operad. More generally, any complete Segal Φ-operad is a 2-fold complete Segal Φ-operad. 
Since F is a forgetful functor, p s,I , s s,I , and r 2 are all equivalences, and hence any symmetric monoidal (∞, 2)-category is an (∞, 2)-operad.
Choose a scaled simplicial set S. We observe that left 2-fibrations completely determine fibrant objects of the left model structure (Theorem 2.2.7) on (Set 
op denote the terminal object of (Set These are analogues of the commutative, associative, and E k -operads.
2-rings.
Definition 3.3.1. Throughout the rest of this section, fix Φ = F . Let C be a symmetric monoidal (∞, 2)-category, and let p :
∞ and C is Cat ∞ , this yields a weaker notion of symmetric monoidal ∞-category. Construction 3.3.3. Consider the identity map N(
op is the identity map, and when Φ = F , we can consider the symmetrization of the underlying map of simplicial sets; this is the ∞-operad E ∞ . We therefore get a map E 2 ∞ → E ∞ where E ∞ is the E ∞ -operad viewed as an (∞, 2)-operad (Example 3.2.9). Proposition 3.3.4. Let C be a symmetric monoidal ∞-category viewed as a symmetric monoidal (∞, 2)-category by regarding each mapping simplicial set as a marked simplicial set. Every E ∞ -algebra object of C is a E 2 ∞ -algebra object of C.
Proof. Let E ∞ denote the E ∞ -operad viewed as an (∞, 2)-operad (Example 3.2.9) by regarding each mapping simplicial set as a marked simplicial set. By abuse of notation we will write C for C regarded as a symmetric monoidal (∞, 2)-category. Suppose the map
op . This is equivalent to a map E ∞ → C of ordinary ∞-operads by the assumptions on C; but this is just the definition of an E ∞ -algebra object of C, so we are done. Corollary 3.3.5. Every symmetric monoidal ∞-category (resp. symmetric monoidal stable ∞-category) is a E 2 ∞ -algebra object of Cat ∞ (resp. Cat st ∞ ).
Example 3.3.7. By Corollary 3.3.5, any symmetric monoidal stable ∞-category is a 2-ring. Thus, if R is a E ∞ -ring, the stable ∞-category Mod R is a 2-ring.
op be a 2-fold complete Segal Φ-operad, and let X : ⊗ is an ordinary complete Segal Φ-operad viewed as a 2-fold complete Segal Φ-operad, this reduces to the ordinary notion of a polycomposition map as in [4] , because in this case, the maximal ∞-category in the fiber is simply the fiber itself. If X ⊗ is also a symmetric monoidal ∞-category, this reduces to the ordinary tensor product via Example 3.2.9 and Example 3.2.10. Definition 3.3.11. Let C be a symmetric monoidal (∞, 2)-category, and let M be an object of C. An endomorphism object End C (M ) of M is an object representing the functor C → N(Set + ∆ )
• given by C → Map C ⊗ (C ⊗ M, M ). Proposition 3.3.12. Let C be a 2-ring. The algebraic K-theory K(C) is an E ∞ -ring.
Proof. K(C) is a E 2 ∞ -algebra object of Sp ♯ . Since Sp ♯ = N sc (Sp), where Sp is the Set + ∆ -enriched category where every mapping simplicial set is regarded as a marked simplicial set, it follows from Proposition 3.3.4 that this corresponds to a E ∞ -ring. 
